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SUMMARY

This paper describes a preliminary numerical analysis of the e�ect of duct velocity pro�le and buoyancy-
induced �ow generated by the heat source on hydrodynamic removal of contaminants contained in
cavities. The process of �uid renewal in a cavity is modelled via a numerical solution of the Navier–
Stokes equations coupled with the energy equation for transient �ows. The foulant has the same density
as the �uid in the duct and the duct velocity pro�le is considered to be Poiseuille �ow and Cou-
ette �ow, respectively. The results show that the change in Grashof number and duct �ow velocity
pro�le causes a dramatic di�erence in the observed �ow patterns and cleaning e�ciency. From a clean-
ing perspective, the results suggest that Couette �ow at higher value of Grashof number becomes
more e�ective in further purging of contaminated �uid from a cavity. Copyright ? 2004 John Wiley
& Sons, Ltd.

KEY WORDS: laminar �ow; numerical analysis; heat transfer; visualization; transient; mixed
convection

1. INTRODUCTION

In the chemical and food processing industry, surfaces in vessels or pipe work are often fouled
by the product or contaminant substance. This may cause a reduction in the performance
of heat exchanger elements, increase in pressure losses and also result in adverse hygiene
conditions arising. The quality and cleanliness of the processed material is maintained by
periodically cleaning the ducts and pipelines. The most common means of cleaning is to
�ush the system with an appropriate �uid which may also be a solvent. In recent years, the
hydrodynamic cleaning methodology to cleaning components, parts and pipelines has become
widely accepted, since solvents used to clean a system can be environmentally harmful. In
the past decade, several studies [1–3] have been reported which attempt to measure and
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Figure 1. A sketch of the co-ordinate system in a duct with a rectangular cavity.

quantify the role of �ow speed and surface geometry on the foulant which can be removed
hydrodynamically. However, many of the foulants tested are real products which have been
di�cult to quantify, in that their viscosity, density and composition have not been measured.
In addition, the variety of foulants in di�ering processes and geometries of the surface makes
the study of the cleaning process more di�cult; therefore most predictions of cleaning rates
are empirical in nature. In consequence a starting point for such problems has been for the
modelling of duct �ow over a cavity.
Numerous studies of �ow over cavities have been reported in the past few decades [4–9].

The results showed that the recirculation regions which may be observed in the problem of
cavity cleaning are a function of cavity aspect ratio, relative duct size to cavity size and the
parallel velocity within the duct. Recently, Fang et al. [10, 11] have presented a numerical
and experimental study of the time-dependent hydrodynamic removal of a contaminated �uid
from a cavity on the �oor of a duct. It is shown that the cleaning of the foulant with the same
density as the �uid in the duct or the heavier miscible foulant is more pronounced during
the unsteady start-up of the duct �ow and the rate of cleaning decreases as the �ow reaches
a steady state. The cleaning process is enhanced as the cavity aspect ratio (width=depth) is
increased and as the duct Reynolds number increases. However, most studies to date have been
concerned with the problem of Poiseuille �ow over a cavity. Chilukrishna and Middleman [12]
have pointed out that hydrodynamic cleaning of a surface frequently involves the use of a
brush, squeezed mop or a rotating drum. In these situations the layer of �uid between the
solid surface and applicator is quite small and the �ow next to the surface can be considered
as Couette �ow. Some previous studies have focused on Couette �ow over a cavity in which
the upper wall of the duct is moved with a constant velocity, such as Mehta and Lavan [13],
O’Brien [14] and Mickaily et al. [15]. They showed that there is a slightly di�erent dividing
streamline and cavity �ow pattern between Poiseuille �ow and Couette �ow. Hence, it is of
interest to know how the foulant is removed in Couette �ow and how it might di�er from
Poiseuille �ow.
The applications of convective heat transfer problems can be found numerously in science

and engineering. In recent years, the studies on natural convective �ow in a partially open en-
closure have received considerable attention. Many authors have reported their studies on this
problem including Oberkampf and Crow [16], Sparrow and Samie [17], Cha and Jaluria [18],
Oosthuizen and Paul [19], Papanicolaou and Jaluria [20]. They pointed out that convective
heat transfer in a partially open cavity causes a dramatic di�erence in the recirculation cavity
�ow and thermal �eld. The most recent work, Fang [21] investigated the e�ect of mixed
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Figure 2. Streamlines of Couette �ow over cavities with varied Grashof numbers,
AR=4 and Re=50 at steady state.

convection on the problem of transient hydrodynamic removal of a contaminated �uid from
a cavity. His results showed that the change in Grashof number causes a dramatic di�er-
ence in the observed �ow patterns and cleaning e�ciency. The cleaning process is enhanced
as Grashof number is increased due to the interaction between the external duct �ow and
buoyancy-induced �ow arising from a thermal source. However, most studies to date have
been concerned with the problem of Poiseuille �ow over a cavity. Torrance et al. [22] pre-
sented numerical results for �ow in a cavity with a moving upper wall. Their results showed
that the �ow patterns have tremendously changed for large Grashof numbers. Hence, it is of
interest to know how the foulant is removed in Couette �ow and how it might di�er from
Poiseuille �ow under the e�ect of mixed convection.
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Figure 3. Isotherms of Couette �ow over cavities with varied Grashof numbers,
AR=4, and Re=50 at steady state.

Attention in the present work is focused on the e�ects of duct velocity pro�le and mixed
convection on transient hydrodynamic removal of a contaminant from a cavity. The present
work covers a wide range of Grashof numbers, Reynolds numbers and cavity aspect ratios
with respect to the cleaning rate in laminar regime. In addition, the duct velocity pro�le is
considered to be Poiseuille �ow and Couette �ow, respectively. The process of �uid renewal
in a cavity is modelled via a numerical solution of the Navier–Stokes equations coupled with
the energy equation for transient �ows. The numerical method used is based on the MAC
(Marker and Cell) method of Harlow and Welch [23]. Passive markers are used to visualize
the �ow and to quantify the hydrodynamic cleaning of the cavities.

2. PHYSICAL MODEL AND NUMERICAL METHOD

The problem schematic of the duct-cavity con�guration employed in this study is shown in
Figure 1. A Cartesian co-ordinate system is used with origin at the lower left hand corner of
the computational domain. The cavity dimensions are de�ned by width W and depth D. Fluid
of density � and viscosity � �ows continuously into the duct from the left and exits on the
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Figure 4. Flow evolution of Couette �ow in a cavity of AR=4 by using markers,
for various Grashof numbers and Re=50.

right. The acceleration, due to gravity g, acts in the negative z-direction. There is a constant-
�ux heat source qs on the bottom wall of the cavity. All solid boundaries are assumed to be
rigid no-slip walls. The height of the duct H was kept constant.
The fundamental non-dimensional equations in Cartesian form for two-dimensional incom-

pressible �ow of a Newtonian �uid with constant properties are
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Figure 5. Percentage of markers removed from the cavity for varied Grashof numbers and Re=50.
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where x and z are the dimensionless distances in the horizontal and the vertical directions,
t is the dimensionless time, u and w are the dimensionless velocity components in the hori-
zontal and the vertical directions, p is the dimensionless pressure and � is the dimensionless
temperature. The duct height H is chosen as the characteristic length, the maximum velocity
of duct �ow U as the characteristic velocity, the quantity �U 2 as the characteristic pressure,
and qsH=k as the characteristic temperature. The Reynolds number Re, the Grashof number
Gr and the Prandtl number Pr are de�ned as

Re=
UH
�
; Gr=

g��TH 3

�2
; Pr=

�
�

where � is the thermal di�usivity, � is the volumetric expansion coe�cient, � is the kinematic
viscosity and �T is set equal to qsH=k.
The �ow �eld is discretized into cells of size �x× �z with cell centres being designated by

indices i in the x direction and k in the z direction. The u values are located on the vertical
sides of the cell, and w values on the horizontal upper and lower sides. The values of p
and � are located at the cell centres. The Navier–Stokes equations and energy equation are
represented in a �nite-di�erence form by forward di�erencing in time and central di�erencing
in space, except for the convection terms in the Navier–Stokes equations, where a combination
of central and upstream di�erencing as described by Miyata and Nishimura [24] is used.
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Figure 6. Streamlines of Couette �ow over a cavity of AR=4:0
for varied Reynolds numbers at Gr=2000.

The solution is approached through the arti�cial compressibility method of Chorin [25]
which involves a simultaneous iteration on pressure and velocity component. If Dn+1i; k represents
the divergence of the �uid in a cell, where

Dn+1i; k =
1
�x
(un+1i+1=2; k − un+1i−1=2; k) +

1
�z
(wn+1i; k+1=2 − wn+1i; k−1=2) (5)

then the pressure in cell i; k is updated through

(pn+1i; k )
m+1 = (pn+1i; k )

m − Rf(Dn+1i; k )
m (6)

where m indicates the mth iteration and Rf is a relaxation parameter. The solution is reached
when the magnitude of Dn+1i; k in each cell is less than some pre-set small value, typically
O(10−6). The stability restriction is given by Rf6��x2=2�t [26]. The optimum value of Rf
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Figure 7. Isotherms of Couette �ow over a cavity of AR=4:0
for varied Reynolds numbers at Gr=2000.

giving the most rapid convergence can, in general, only be determined by experimentation.
Usually it is around Rf=1:8.
In original MAC method, the energy equation is solved by a time-marching explicit method.

Kuo et al. [27] have reported that an explicit method may lead to non-physical results in the
transient solution. Thus, an implicit method is used to solve the energy equation in the present
study. Therefore, there are two iterative processes in each time step to solve the pressure and
velocity as well as temperature.
Boundary conditions are those appropriate to impermeable no-slip wall except at the upper

moving wall where a �ow velocity is prescribed at the upper wall and zero normal gradients
are used to set variables just outside the out�ow boundary. The boundary conditions for the
temperature is �=0 at the in�ow boundary. The insulated conditions are imposed at the wall
and at out�ow as well, while @�=@z=−1 is speci�ed at the bottom of the cavity. For the
problem of a duct �ow over a cavity the maximum cell size used was 0:02× 0:02 and the
time step never exceeded �t=0:01 for the range of Reynolds numbers considered. Values
less than these had negligible e�ect on the overall results obtained, but smaller cell sizes did
improve the resolution of the smaller vortices in the cavities.
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Figure 8. Flow evolution of Couette �ow over a cavity of AR=4 by using markers,
for various Reynolds numbers at Gr=2000.

Flow visualization and �uid contamination calculations are made possible by the use of
passive markers. These are initially distributed before start-up and are moved to new posi-
tions at each time step. For example the new x-position of a marker k at time level n + 1
is calculated from xn+1k = xnk + u

n+1
k �t where uk is the horizontal velocity at the marker po-

sition, xnk , and �t is a time step. The velocity components at the marker positions are cal-
culated by a weighted interpolation of velocities in surrounding cells as described by Welch
et al. [28].
The computer code has been validated by application to the problem for which solutions are

available. The test was with mixed convection from an isolated heat source in a rectangular
enclosure when Re=100 and Gr=10000 as considered by Papanicolaou and Jaluria [20].
The good agreement was obtained and given by Fang [21].
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Figure 9. Percentage of markers removed from the cavity for varied Reynolds numbers at Gr=2000.

3. RESULTS AND DISCUSSION

Although for the higher renewal rate of the cavities, the duct �ow may be characterized by
a turbulent regime, the present study is limited to the laminar regime as a �rst step. The
present investigation covers a range of Grashof numbers, Gr=1–2000, and a range of cavity
aspect ratios, AR=0:25–4. A Prandtl number typical of water was assumed, Pr=7. The �ow
is always considered to be laminar and the foulant has the same density as the �uid in the
duct. In addition, the duct velocity pro�le is considered to be Poiseuille �ow and Couette
�ow, respectively. The present study is concerned with the cleaning rate of contaminated
�uid out from the cavity on the cleaning process and the previous work [10] have shown
that no further removal of contaminant occurs after the steady-state vortex system becomes
established. Hence, all the �gures of the results are shown in steady state.
The case of Couette �ow corresponds to the upper wall moving across the cavity from left

to right at a constant speed U . For streamlines of Couette �ow over a cavity of AR=4:0
and Re=50 with various Grashof numbers, shown in Figure 2, it is seen that an increase in
Grashof number results in the centre vortex moving downstream as Gr is less than 1000.
There is a tremendous change in the �ow pattern as Gr=2000. The pronounced di�er-
ence in the �ow structure is that one small vortex is formed in the cavity. As the value
of Gr greater than 2000, oscillatory behaviour was observed and the steady-state result could
not be obtained. At such large value, small disturbances in the �ow and a transition pro-
cess to turbulent �ow take place. Thus, Gr=2000 is selected as the maximum Grashof
number in the present study. It is also observed that the dividing streamline can bulge
out into the duct as Gr¿1000. The isotherms varied with Grashof number are shown in
Figure 3. For Gr¿1000, most of the area of the cavity remains the high temperature due
to strong buoyancy. It is seen that as Grashof number increases the buoyancy enhances heat
transfer.
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Figure 10. Percentage of markers removed from the cavity for varied H=Ds at Gr=2000 and Re=50.
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Figure 11. A sketch of the co-ordinate system for combined duct �ow over a cavity:
(a) Combined �ow-1. (b) Combined �ow-2.

The distribution of markers remaining in the cavity with various Grashof numbers at steady
state is shown in Figure 4. It is worth mentioning that more markers are removed from the
cavity as the Grashof number increases. In general, for Couette duct �ow without the e�ect
of mixed convection, the foulant is e�ectively trapped in the cavity. On the contrary, Couette
�ow under the strong buoyancy-induced �ow generated by the heat source is e�ective in
�ushing out a cavity. A maximum of about 92% markers can be removed from the cavity as
AR=4 and Gr=2000, shown in Figure 5.
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Figure 12. Streamlines of duct �ow over cavities with aspect ratio of 4.0 and Gr=2000, at Re=50,
for (a) Poiseuille �ow, (b) combined �ow-1, (c) combined �ow-2.

The streamlines for the solutions at various values of Re while keeping Gr �xed at
Gr=2000 shown in Figure 6. It is seen that the large centre vortex �lls the cavity as Re=100.
For the value of Re larger than 400, the centre vortex shifts to the far right side of the cavity.
It can be seen that for Re=1600 and values of Gr higher than 2000 the steady-state result
could not be obtained, since oscillatory behaviour was observed. For lower Reynolds number
Re6100, the isotherm in Figure 7 shows that a large area of the cavity remains at higher
temperature. The area of low temperature increases with the increase of Reynolds number.
The main reason is that the buoyancy e�ect becomes insigni�cant while the region a�ected
by the heat source becomes smaller due to the strong external �ow. The distribution of mark-
ers remaining in the cavity, shown in Figure 8, matches the general distribution expected by
observing the streamline patterns shown in Figure 6. It is interested to mention that the re-
moval of markers increases as Reynolds number increases except for lower Reynolds number
Re=50, shown in Figure 9. It is obvious that due to the weak external �ow at lower Reynolds
numbers the strong buoyancy dominates the renewal process in the cavity. In addition, the
e�ect of duct height H on cavity �uid removal as a function of cavity depth is investigated
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Figure 13. Isotherms of duct �ow over cavities with aspect ratio of 4.0 and Gr=2000, at Re=50,
for (a) Poiseuille �ow, (b) combined �ow-1, (c) combined �ow-2.

in the present study. This means that the duct height is small compared to the cavity depth
as the value of H=D decreases. It is obtained that the percentage of markers removed from a
cavity increases with the increasing H=D, shown in Figure 10.
O’Brien [14] and Mickaily et al. [15] have studied the situation where a combination of

Couette and Poiseuille �ows is used under Stokes �ow conditions. In this case, the upper
wall moves at a velocity u from left to right and an existing Poiseuille �ow acts in the same
direction. Figure 11(a) shows a schematic diagram for when Poiseuille �ow dominates, and
11(b) for when Couette �ow dominates. The calculations with di�erent input duct �ows show
that the closed �ow within a given cavity depends upon the duct �ow approaching the cavity.
Figure 12 shows that the �ow characteristics for the ‘combined’ inputs are intermediate be-
tween the individual Poiseuille and Couette �ows over the cavity. The results in the present
study show similar qualitative behaviour to those [14, 15] for Stokes �ow. It is worth men-
tioning that for Poiseuille �ow oscillatory behaviour at Gr=2000 is not observed until the
values of Gr higher than 4000 [21]. The isotherms and the distribution of markers remain-
ing in the cavity are shown in Figures 13 and 14, respectively. The quantity of removal of
markers is also intermediate between the individual Poiseuille and Couette �ow cases and the
results are shown in Figure 15. For Couette duct �ow without the e�ect of mixed convection,
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Figure 14. Flow evolution of duct �ow over cavities with aspect ratio of 4.0 and Gr=2000, at Re=50,
for (a) Poiseuille �ow, (b) combined �ow-1, (c) combined �ow-2.

the previous results [11] show that the foulant is e�ectively trapped in the cavity and the
cleaning process becomes overall less e�ective than Poiseuille duct �ow. However, it can be
seen from the present results that Couette �ow at higher value of Gr and aspect ratio is more
e�ective than Poiseuille �ow for cleaning cavities.

4. CONCLUSIONS

Numerical analyses have been carried out to investigate the e�ect of duct velocity pro�le and
buoyancy-induced �ow on transient hydrodynamic cleaning of a rectangular cavity. The results
show that the change in Grashof number and duct velocity pro�le causes a tremendous di�er-
ence in the observed �ow patterns and cleaning e�ciency. The percentage of �uid removed
from a cavity can be increased as Grashof number, H=D and cavity aspect ratio increase. In
contrast to the results without the e�ect of mixed convection, Couette �ow at higher value of
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Figure 15. Percentage of markers removed from the cavity for varied velocity
pro�les of duct �ow, at Gr=2000 and Re=50.

Gr becomes more e�ective than Poiseuille �ow in further purging of contaminated �uid from
a cavity. It is interesting to note that for the values of Gr higher than 2000 the steady-state
result with Couette �ow could not be obtained since oscillatory behaviour was observed. For
Poiseuille �ow, this phenomena does not occur until Gr greater than 4000.
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